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In this paper we prove theorems on propagation of smallness and the unique-
ness of solutions to some elliptic equations in the plane. We start with analogues
of these theorems for harmonic functions and use their quasiinvariance under qua-
siconformal mappings as well as the connection of considered equations with such
mappings.  2002 Elsevier Science (USA)
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1. INTRODUCTION
Consider a bounded harmonic function u in a domain  ⊂ Rn n ≥ 2.
Let B1 and B2 be two balls in . The following property of “propagation of
smallness” is enjoyed by u: there exists α = αB1 B2 ∈ 0 1 such that
u∞ B2 ≤ uα∞ B1u
1−α
∞ (1)
This form (1) appeared in the paper of Korevaar and Meyers [9]. Note that
(1) remains true if L∞ norm is replaced by L2 norm. More generally, as
shown by Brummelhuis [6], this kind of propagation of smallness holds also
for solutions of some linear elliptic equations of second order Lu = 0
u∞ B2 ≤ Cuα∞ B1u
1−α
∞ (2)
with α ∈ 0 1 and C ≥ 1 depending only on B1 B2, and the operator L.
1 The author was supported by the Swedish Institute.
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In a recent paper [4], Arakelian and Shahgholian have found that for
harmonic functions and L2 norms one can take
α = exp−cµkx1 x2
for balls Bi = Bxi µdxi i = 1 2. Here µ ∈ 0 1 cµ > 0 depends
only on µ dx is the distance function, and kx1 x2 is the quasihy-
perbolic metric in  (see deﬁnition below). It is worth mentioning that in
the case where  is a ball or a halfspace, similar results were obtained by
Arakelian and Gauthier [3], based on the technique of the Kelvin transform.
From (1) and (2) it is possible to infer uniqueness theorems for harmonic
functions and generally for solutions of elliptic equations (see, e.g., [5]).
Having values of α available, we obtain more precise uniqueness theorems;
see [3, 4].
In this paper we consider some elliptic equations in the plane and estab-
lish theorems on propagation of smallness and the uniqueness of solutions
to these equations (Theorems 1.1 and 1.2). We start with the theorems for
harmonic functions in [4] and use their quasiinvariance (after a slight mod-
iﬁcation, see Section 2) under quasiconformal mappings on one hand and
the connection of considered equations with such mappings on the other.
More generally, our results are applied to those functions u, for which there
exists a quasiconformal mapping f such that either u ◦ f−1 or each compo-
nent of ∇u ◦ f−1 is harmonic.
To formulate our results more speciﬁcally, we recall some deﬁnitions.
For a domain  ⊂ Rn n ≥ 2 the quasihyperbolic metric is deﬁned as
kx1 x2 = inf
∫
γ
ds
dx

where dx = distx ∂ is the distance function and the inﬁmum is taken
over all rectiﬁable (smooth) arcs γ in , joining x1 and x2. Given a domain
 choose some x0 ∈  and deﬁne
kx = kx x0
We must note here that different selections of the point x0 will not affect
what follows.
The ﬁrst theorem refers to solutions of the equation
divθx∇ux = 0 (3)
where θ = θij is a real 2× 2 symmetric matrix function with θij ∈ L∞,
and such that for some constant Kθ ≥ 1
1/Kθξ2 ≤ θξ · ξ ≤ Kθξ2 ξ ∈ R2
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Theorem 1.1. Let u ∈ W 1 2 be a bounded weak solution to (3) in
a domain  ⊂ R2. Then for arbitrary points x1 and x2 in  and µ ∈
0 µ0Kθ the following propagation of smallness holds,
u∞ B2 ≤ Cuα∞ B1u
1−α
∞ Bi = Bxi µdxi i = 1 2 (4)
with
α = α0 exp−ckx1 x2 (5)
and where the other constants c C, and α0 depend only on Kθ and µ.
The next theorem refers to solutions not only of (3) but also of the equation
trσx∇2ux = 0 (6)
where σ = σij is a symmetric 2 × 2 matrix function with σij ∈ L∞
such that for some Kσ ≥ 1
ξ2 ≤ σξ · ξ ≤ Kσ ξ2 ξ ∈ R2
Theorem 1.2. Let u be either a weak W 1 2loc  solution to (3) or a strong
W
2 2
loc  solution to (6) in a bounded domain  ⊂ R2. Suppose moreover
that
udν∞ ≤ ∞ (7)
for some ν ≥ 0. Then there exists a constant c, depending only on ν and Kθ
or Kσ , respectively, such that if for a sequence of balls Bxk rk in 
u∞ Bxk rk ≤ k k = 1 2    (8)
and
lim
k→∞
exp−ckxk log k
1+ logdxk/rk
= −∞ (9)
then u ≡ 0 in .
Recall that p-harmonic functions p > 1 are weak W 1 ploc solutions to the
p-Laplace equation
div∇up−2∇u = 0
According to a result of Manfredi [10] , every p-harmonic function in the
plane is also a strong solution to (6) for suitably chosen matrix function σ
with Kσ = maxp− 1 1/p− 1. Hence we have the following corollary.
Corollary 1.3. Let u be a p-harmonic function in a bounded domain
 ⊂ R2 with (7) satisﬁed for some ν ≥ 0. Then there exists a constant c,
depending only on p and ν, such that if on a sequence of balls Bxk rk in
 (8) and (9) hold, then u ≡ 0 in .
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2. THE CASE OF HARMONIC FUNCTIONS
In this section we state a modiﬁcation of [4, Theorem 1], suitable for our
purposes. We also prove Theorem 1.2 for harmonic functions.
Theorem 2.1. Let u be a harmonic function in a domain  ⊂ Rn n ≥ 2
and suppose that udν∞ is ﬁnite for a given ν ≥ 0. Then for µ ∈ 0 1
and x1 x2 in  there holds
udν∞ B2 ≤ Cudνα∞ B1udν
1−α
∞ Bi = Bxi µdxi i = 1 2
(10)
where α is as in (5) and the constants c C, and α0 depend only on µ ν,
and n.
Proof. The proof is based on the following logarithmic convexity prop-
erty for L2 norms of the harmonic function u. Let B ⊂ B′ ⊂ B′′ be three
concentric balls in  with radii r ≤ r ′ ≤ r ′′. Then
u2 B′ ≤ uβ2 Bu1−β2 B′′ β =
logr ′/r ′′
logr/r ′′  (11)
For proof, see, e.g., [4].
We proceed by assuming, without loss of generality, that udν∞ = 1.
Then the following inequality holds. There are constants C = Cµ ν n ≥
1 and γ = γµ ∈ 0 1 such that
1/Cu2 Bdν−n/2 x ≤ udν∞ B ≤ C
(u2 Bdν−n/2 x)γ (12)
where B = Bxµdx. The left-hand inequality is elementary. The right-
hand inequality follows from the chain
udν∞ B ≤ Cu2 B′dν−n/2 x ≤ Cuγ2 Bu1−γ2 B′′dν−n/2 x
≤ C(u2 Bdν−n/2 x)γ (13)
where B′ = Bxµ′dx and B′′ = Bxµ′′dx with µ′ and µ′′ chosen
so that µ < µ′ < µ′′ < 1. The ﬁrst step in (13) is a combination of the
mean-value theorem and the Cauchy–Schwarz inequality. The second step
is an application of (11) and the third step uses that u2 B′′dν−n/2 x ≤
Cudν∞ B′′ ≤ C, which is the left-hand inequality in (12) for B′′.
Let x1 and x2 now be two points in  and let xs s ∈ s1 s2, be a length
parameterized C1 regular arc in  with xi = xsi i = 1 2. By [4, Lemma 4]
there exists a C1 function ρs with
1/2dxs ≤ ρs ≤ dxs and ρ′s ≤ 1
Deﬁne for s ∈ s1 s2
φs = log u2 Bxsµρs (14)
464 arshak petrosyan
Fix s and take small  > 0. The ball Bxs +  µρs +  is contained in
the ball Bxs µρs + 1+ µ. Pick some µ0 ∈ µ 1. Then from (11),
using that
log u2 Bxs µ0ρs ≤ n/2 − ν log ρs + C
for C = Cµ0 ν n, we obtain
φs +  ≤ 1− hφs + hn/2 − ν log ρs + C
with
h = log1+ 1+ 1/µ/ρs
logµ0/µ

We rewrite this inequality in the form
φs +  −φs

≤ −h

φs − n/2 − ν log ρs − C
and let → 0 to obtain
φ′s ≤ −c 1
ρs φs − n/2 − ν log ρs − C (15)
with the constant c = 1+ 1/µ/ logµ0/µ. To integrate this inequality, we
introduce
ψs = φs − n/2 − ν log ρs − C (16)
Substituting (16) into (15), we obtain
ψ′s ≤ −c 1
ρsψs + n/2 − ν
ρ′s
ρs ≤ −c
1
ρs ψ− C
which after integration results in
ψs2 − C ≤ exp
(
−c
∫ s2
s1
ds
ρs
)
ψs1 − C (17)
Changing a constant c in (17) to 2c, we can replace ρs by dxs there.
From deﬁnitions (14) and (16) as well as inequality (12) we conclude that
(10) is true with
α = γ exp
(
−2c
∫ s2
s1
ds
dxs
)

Now, running over all C1 arcs in  that join x1 and x2 we conclude the
proof of the theorem.
We are now able to prove Theorem 1.2 in the case when u is harmonic.
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Proof of Theorem 12 (The case of harmonic functions). Let Bxk rk
be a sequence of balls such that (8) and (9) hold. Observe that we may
assume rk ≤ µdxk for some constant µ ∈ 0 1 and all k. Otherwise
we can replace rk by minrk µdxk and (9) will not be changed. Then
by (8)
u2 Bxk rkdν−1 xk ≤ Cu∞ Bxk rkdνxk ≤ Ckdνxk = ′k
with an absolute constant C. In view of the inequality (see, e.g., [7])
kx = kx x0 ≥  logdx/dx0 (18)
condition (9) will not be changed if we replace k by 
′
k. Let now Bk =
Bxkµdxk and B′k = Bxkµ′dxk with µ′ ∈ µ 1. By the left-
hand inequality in (12)
u2 B′kd
ν−1
 xk ≤ Cudν∞ B′k ≤ Cudν∞
with C = Cµ′ ≥ 1. Without loss of generality we may assume that
udν∞ ≤ 1/C ≤ 1
Apply now logarithmic convexity for L2 norms of u on balls Bxk rk ⊂
Bk ⊂ B′k (see (11)). Then
u2 Bkdν−1 xk ≤
(u2 Bxkrkdν−1 xk)βk ≤ ′kβk
with
βk =
logµ′/µ
logµdxk/rk

Therefore by (12)
udν∞ Bk ≤ C
(u2 Bkdν−1 xk)γ ≤ C′kβkγ
Fix now some x0 in  and apply Theorem 2.1. Then for B = Bx0 µdx0
udν∞ B ≤ Cu∞ Bkαk ≤ C′kαkβkγ
with
αk = α0 exp−ckxk x0
where α0 and c as in Theorem 2.1. If now the condition (9) is satisﬁed with
this c, we will obtain that u ≡ 0 in B. Running over all x0 in , we establish
Theorem 1.2 in the case of harmonic functions.
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3. CONNECTION WITH QUASICONFORMAL MAPPINGS
Recall that a mapping f   → ′ of two planar domains is K-quasi-
conformal, K ≥ 1, if f is a homeomorphism, f ∈ W 1 2loc , and
µf∞ ≤ k k = K − 1/K + 1
where the dilatation µf is deﬁned in , using complex notations, as
µf = fz¯/fz
If in the deﬁnition above we omit the condition that f is a homeomorphism,
we will obtain the deﬁnition of K-quasiregular mappings.
The next two lemmas explain the connection of solutions to (3) and (6)
with quasiconformal mappings.
Lemma 3.1. Let u ∈ W 1 2 be a weak solution to (3). Then there exists
a Kθ-quasiconformal mapping f  → ′ such that u ◦ f−1 is harmonic in ′
Proof. It is well known that for a solution u to (3), in every simply
connected subdomain U ⊂  we can ﬁnd a conjugate function v = vU such
that the following ﬁrst-order system is satisﬁed,
)∇v = θ∇u
in U , where
) =
(
0 1
−1 0
)

Then it is easily veriﬁed that the mapping w = wU = u + iv is Kθ-
quasiregular (see, e.g., calculations in [2]). Observe now that since functions
vU are unique up to a constant, the dilatation
µw = wz¯/wz
is a well-deﬁned function in . Further, there exists a quasiconformal map-
ping f deﬁned on  (see, e.g., [1]) such that
µf = µw a.e. in 
Then a composite wU ◦ f−1 will have zero dilatation (see [1]) and hence
will be holomorphic in f U. Consequently u ◦ f−1 = RewU ◦ f−1 will be
harmonic in U . Since this refers to every simply connected subdomain U
of , u ◦ f−1 is harmonic in fact in whole f .
Lemma 3.2. Let u ∈ W 2 2loc  be a strong solution to (6). Then there exists
a Kσ -quasiconformal mapping f   → ′ such that every component of
∇u ◦ f−1 is harmonic in ′.
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Proof. It is easily veriﬁed that the mapping J∇u, where
J =
(
1 0
0 −1
)

is Kσ -quasiregular (see [8, Exercise 12.3]). By the decomposition theorem
for quasiregular mappings, there exists a Kσ -quasiconformal mapping f
deﬁned on , such that J∇u ◦ f−1 is holomorphic in f . This implies the
lemma.
4. DISTORTION UNDER QUASICONFORMAL MAPPINGS
Throughout this section we will deal with a quasiconformal mapping
f   → ′ of planar domains. Contents of this section is well known and
can be stated also for higher dimensional quasiconformal mappings.
Lemma 4.1. Let f  → ′ be a K-quasiconformal mapping. Then there
is a constant c0 = c0K such that
k′ f x1 f x2 ≤ c0kx1 x2 + 1
for all x1 and x2 in .
Proof. In fact, by a theorem of Gehring and Osgood [7, Theorem 3],
the following stronger inequality holds,
kf x1 f x2 ≤ c0 maxkx1 x2 kx1 x2κ
for all x1 and x2 in  with κ = 1/K and a constant c0 = c0K.
The above-mentioned theorem of Gehring and Osgood is a conse-
quence of a general distortion theorem for quasiconformal mappings; see
[7, Lemma 2]. It states that there is a universal constant a such that
f x1 − f x2
d′ f x1
≤ a
( x1 − x2
dx1
)κ
 κ = 1/K (19)
for all x1 and x2 in , provided x1 − x2/dx1 < a−K . In fact, inequality
(19) estimates the distortion of balls under the mapping f . Indeed, for a
ﬁxed x ∈  and r < dx let r¯ and r be deﬁned by
r¯
d′ f x
= a
(
r
dx
)κ
and
r
dx
= a
(
r
d′ f x
)κ
(20)
and for a ball B = Bx r let
B = Bf x r and B = Bf x r¯ (21)
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Then (19) can be rewritten as
f B ⊂ B (22)
provided r/dx < a−K . Applying (19) to f−1, we obtain also
B ⊂ f B (23)
for all r < dx (since r/d′ f x < a−K).
Lemma 4.2. Let f   → ′ be K-quasiconformal and u be an arbitrary
function deﬁned on . Then
u ◦ f−1∞ B ≤ u∞ B ≤ u ◦ f−1∞B
provided r/dx < a−K , where B = Bx r, x ∈ , and B and B are as
in (21).
Proof. The proof follows immediately from inclusions (22) and (23).
5. PROOF OF THEOREM 1.1
Proof of Theorem 11. By Lemma 3.1 there exists a K-quasiconformal
mapping f   → ′ with K = Kθ such that for the solution u to (3) the
composite v = u ◦ f−1 is harmonic in ′.
Let x1 and x2 now be two points in  and Bi = Bxi µdxi, i = 1 2,
for a given µ ∈ 0 µ0K, where µ0K = a−K . Let also corresponding
balls Bi and Bi be deﬁned as in (21) for f = µdxi, respectively. Note
that both
µ =
(
µ
a
)K
= r
dD′ f x
and µ¯ = aµ1/K = r¯
d′ f x
depend only on µ and K. By Lemma 4.2 we have that
v∞ B1 ≤ u∞ B1 u∞ B2 ≤ v∞ B2 (24)
with v = u ◦ f−1. Now we claim that
v∞ B2 ≤ Cv
γ
∞ B2v
1−γ
∞′ (25)
with constants C and γ depending only on µ. Indeed, a similar argument
was used already in the proof of inequality (12); see also [9]. Apply now
Theorem 2.1 for the harmonic function v, with µ instead of µ, and ν = 0.
Then
v∞ B2 ≤ Cv
β
∞ B1v
1−β
∞′ (26)
with
β = β0 exp−ck′f x1 f x2
and the other constants β0 c, and C depending only on µ. The statement
of the theorem now is a combination of (24)–(26), Lemma 4.1, and the
obvious fact that v∞′ = u∞. The theorem is proved.
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6. PROOF OF THEOREM 1.2
Proof of Theorem 12. Suppose that a function u in a bounded domain
 is such that v = u ◦ f−1 is harmonic in ′ for a K-quasiconformal
mapping f   → ′. Observe that we always can take f admitting a
K-quasiconformal continuation to a mapping of R2 onto R2 as it follows
from the existence of homeomorphic solutions F to the Beltrami equation
(see [1])
µF =
{
µf  a.e. in 
0 a.e. on R2\.
Next we use that F is locally Ho¨lder continuous with exponent κ = 1/K.
Then
d′ f x ≤ Cdκx
for all x in  with some constant C. In particular
vdνK′ ∞′ ≤ CνKudν∞ <∞
Further, the condition (8) implies (see Lemma 4.2)
v∞ Bxk rk ≤ k
If now condition (9) is satisﬁed for xk rk, and k with some c = c1 then
the corresponding condition will be satisﬁed for f xk rk, and k with c =
c1/c0, where c0 is a constant in Lemma 4.1, as it follows from (20) and
Lemma 4.1. Recall that we have already proved Theorem 1.2 in the case of
harmonic functions at the end of Section 2. Therefore for some value c1 =
c1µ νK of c, condition (9) will imply that v ≡ 0 in ′ or equivalently
u ≡ 0 in .
Theorem 1.2, for solutions to (3), follows now immediately from
Lemma 3.1.
Consider further a solution u to (6) that satisﬁes conditions of the theo-
rem. It is well known (see, e.g., [8, p. 303]) that
∇u∞ Bx r/2 ≤ C/ru∞ Bx r
for balls Bx r ⊂  with C = CKσ. This has two consequences. First
∇udν+1 ∞ <∞
and second
∇u∞ Bxk rk/2 ≤ ′k = C/rkk
Using (18), we see that condition (9) implies the corresponding condi-
tion with xk rk/2 
′
k, and the same c, for each component of ∇u. From
Lemma 3.2 and the discussion in the beginning in this section, we conclude
that for some c = cµ ν + 1Kσ this will imply that ∇u ≡ 0 in  or
equivalently u ≡ const in . In view of condition (8) and the observation
that k → 0, the constant must be 0. The theorem is proved.
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